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A. INTRODUCTION AND MAIN RESULTS~)~) 
1. Decriptotion of the billiad ball motion 
Let 
(l-1) u: --~dx~~, (r=l, . ..) n), 
be the unit cube in Rn, centered at the origin 0, within which a point 
P = P(t) moves in rectilinear and uniform motion and is reflected in the 
usual way, like a billiard ball (b.b.), on striking a boundary hyperplane 
x = f Q. Starting from the point a = (a;) in U, for t = 0, we may describe 
its motion by the equation 
(1.2) 2Tv=Avt+aT, (v=l, . . . . n), 
as long as it does not strike the boundary of U. In [2], [l, Chapter 231 
and [5] the b.b. motion is studied in two and in three dimensions, the 
main objective being to study the path of the point P(t) in its dependence 
on the arithmetic nature of the velocity components Iz. In the present 
paper we are concerned with certain extremum problems. These problems 
would be difficult to deal with without the use of the auxilliary function 
1) The present study began in 1961-62, jointly with Professor Ch. Pisot, during 
an Institute of Number Theory on the occasion of Hank Rademacher’s retirement 
from the University of Pennsylvania. In particular, PISOT gave a first, much longer, 
proof of Theorem 3 of the second paper [4], showing the finiteness of the number Nn 
of n-chromes. I owe the incentive to resume and continue this work now to a Buda- 
pest-Madison Conference on Discrete Geometry at the University of Wisconsin- 
Madison (August 6 to August 12, 1974) organized by M. N. Bleicher and L. Fejea 
T&h. 
a) Sponsored by the United States Army under Contract No. DA-31-124-ARO- 
D-462. 
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(x) which I like to call the linear Euler ~pline. We define the function by 
(1.3) <x) = 
I 
x if -grxs* 
l-x if irx$ 
and the requirement of periodicity with the period 2: 
(1.4) (x + 2) = (x). 
The graph of (x) is shown in fig. 1. 
Fig. 1. 
Using this function we turn the rectilinear motion (1.2) into the b.b. 
motion m : P = P(t) = (xi(t), . . . , x,&)) by writing 
(1.5) r,: x”=(Avt+~), (--ce<t<ce). 
Observe that the projection xV= (3, t-t&) describes a l-dimensional b.b. 
motion within the interval - & S x, s & of the x,-axis. We wish to exclude 
lower-dimensional motions by requiring that 3, # 0 for all Y. By appropriate 
reflexions in the coordinate planes we see that we lose no generality by 
assuming that 
(1.6) &>O, (y=l, . ..) n). 
We call such motions non-trivial. 
2. Statement of the poblem 
We turn R, into a Minkowski space Mf’ = {x} with the norm 
(2.1) lIzlIp = (2 Ix#yp (1 sp < -). 
1 
Let (m) denote the path of the motion P,. We define the distance &(r,) 
from 0 to the path (r,) by 
(2.2) hvn) = q IIWll*- 
Finally, we define 
(2.3) eF’= sq+, Mod, 
where the competition is restricted to non-trivial motions satisfying (1.6). 
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The problem is to determine, OT at lemt to eati&e, the vahe of &‘I. 
We call &” the large& p-radius in R,,. 
By compactness arguments (nothing prevents us from restricting the 
;2, such that .ZAz= 1) we see that the qemum in (2.3) may be replaced 
by a muximum. It follows that the largest p-radius &” may also be 
defined by the following characteristic property: 
The set 
(2.4) Clp’: I1211P<&’ 
ia the largeat open ball centered at 0 such thut ite complement 
(2.5) p”= u-Qip’ R 
8hould txntain an entire path (r,) of a nim-ttid ?notbn r,. 
3. The “lucl~y shot” I’,,* 
Particularly relevant for our problem is the special b.b. motion 
Y-l 
rfl*:x”=(t+ - n ), (y=l, *-a, n), 
for which we reserve the symbol I’, *. For n= 2 we find (r~*) to be the 
square joining successively the midpoints of the four sides of U. (I’s*) 
is a closed hexagon; a drawing of (Pa*), in parallel projection, is shown 
in fig. 2 at the end of [4]. We establish several properties of I’,* which 
we need for the statement of our results. 
W-4 The motion I’,,* is periodic of per&xl 2. 
This follows immediately from (3.1) and (1.4). 
(3.3) The path (r,,*) i8 a dimd polygon of 2n &de& 
To see this, we ask: At what times t within a period, hence 0 $ t < 2, does 
the point P*(t) hit th,e face g=e/2 (E= f 1) 1 
From flg. 1 we see that (t) =e/2 iff t s e/2 (mod 2). It follows that 
Q+ y) = f iff t+ v+ (mod q, 
hence for t EZ e/2 - (8: - 1)/n (mod 2), and there is precisely one such value, 
i$ say, iu the period [0, 2). Moreover, we claim that tr ~4s if i #i’. This 
is so, because two values 
E i-1 i’- --- 
2 n 
aud ” - -1, (izi’), 2 n 
are found to be incongruent mod 2 (naturally, we assume that rc> 1). 
Therefore, eaoh of the 2n faces of U are struok just once at pairwise 
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d&rent times. It follows that the point where a face is struck is interior 
to that face. 
(3.4) T?M distance from 0 to (l-‘a*) is given by 
4&h*) = 
IIP* (&) I]p if n i8 even, 
IIp*P)llP if n i8 odd. 
Observe that 
(3.5) 
is a periodio function of period l/n. From fig. 1 it is easy to visualize 
a graph of I(z and also one of I(z)lr. These graphs show that if n 
is even, then all terms of the sum (3.5) are convex functions of t in the 
interval [0, l/n] (strictly convex if p> 1). Moreover, the sum (3.5) is found 
to be even about the midpoint t = l/(2%). Therefore this midpoint is a 
minimum point. 
If n is odd, then the above statement on convexity holds in the interval 
I-- UW~ w~)l9 and the sum (3.5) is even about its midpoint t =O. 
Therefore, t =0 is a minimum point and (3.4) is established. 
We actually need the explicit value of Q(F,*) for which we introduue 
the symbol 
(3.3) pp=d*(rm*). 
Its value is easily obtained using (3.4). 
If n = 2m &J even, we find from (3.1) and fig. 1, that 
=2((2J+ ($J+...+ (qj3’)9 
whence 
(3.7) &+21/” 4m (~r+3~+...+(2m-l)~)i@. 
If ra=2m+l i.3 odd, by (3.4) and (3.5), 
and so 
(3.3) 
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Let us estimate ,&’ asymptotically aa n + co. If n = 2m is even, then 
(3.7) shows that 
&z!JL[(LJ+ (9+...+ (~)p]y2?n.ml~P 
n 
t( > 
l/P 
N- 
P+l 
&8 n+oo, 
because the Riemann sum in brackets converges to Ji xr dx= l/(p + 1). 
If n= 2m + 1 is odd (3.8) shows for similar reasons that 
A%I=2mf1 m m -!?!?-(~[(A)” + (,2Jp + .  .  .  + ~)~)“‘m.-1LtJ 
Applying Euler’s summation formula to the Riemann sums we find that 
(3.9) A?=* p& ( > 
l/P 
+ 41) as n-too. 
4. Main results 
From the definition (2.3) of &” we obtain the lower estimate that 
&‘) T&“. In Part B we show that the term on the right side of (3.9) is 
an upper bound of e,, (” for each value of nZ 2. We state both results as 
THEOREM 1. The largest pm&.s ,$“’ satisjiu the inequalities 
(4.1) 
Of particular interest is the case when p= 2 because it deals with 
euclidean distances. From (3.7) and (3.8) we find that 
(4.2) pf’ = 
n2 - 1 
xi-’ 
for values of n of either parity. Therefore, Theorem 1 yields for p= 2 
the following 
COROLLARY 1. For p = 2 we have that 
(4.3) 
n --- 
12 
At this point we state the following conjecture. 
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CONJECTURE 1. (i) In (4.3) e!? is equal to its lower bound, hence 
(4.4) (2)- (2)- v 
n _ 1 em -t-h - 12 1212’ 
(ii) The “lucky shot” I’,* is, essentially, the only billiard ball motion 
I’,, such that 
Conjecture 1 is established in [3] for n= 2, so that eP’= 1/(2v2). I have 
also shown that both parts of Conjecture 1 are correct for n=3, hence 
that eb2’ =v2/3. The proof may be given on some future occasion. 
It is clear that the value of e? is determined whenever n and p are 
such that the upper and lower bounds in (4.1) are equal in value. Let us 
verify that this happens if p = 1 and n is even. Indeed, from (3.7) and 
(3.8) we easily find that 
(4.6) 
On the other hand, if p= 1, we find the upper bound in (4.1) to be =n/4. 
In view of (4.6), this establishes 
THEOREM 2. If p = 1 and n is even, then 
(4.7) 
In Part B we study a certain type of motions in R, which generalize 
the b.b. motions, as well as the ordinary Lissajous motions known from 
Physics. We derive an upper bound of e,, (p) for such motions (Theorem 3’ 
of 9 5) which will yield the upper bound of Theorem 1 for the special case 
of b.b. motions. 
In the second paper [4] on our subject we deal with the extremum 
problem of the present article for the case when p=oo. The methods 
used are so different from those of the present note, that we decided to 
separate the two papers and make the second one independently readable. 
B. DERIVING THE UPPER BOUND IN THEOREM 1 
5. On m&ions of the Lissajous-type 
Let w(t) be a real continuous periodic function of period d. We consider 
in R, the motion 
(5-l) r: zV=w&t+&), (v=l, . . . . n; 3,>0, -cooottcm), 
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and refer to it EM of Lissqjomtype because the Lissajous motions, known 
from Physics, are obtained on choosing e.g. w(t)= cos t. Observe also 
that we obtain the billiard ball motions of Part I on choosing w(t)=(t). 
We state the extremum problem of Part A for the motions (6.1). We 
consider the open sphere 
and we want the motion I’ to take place entirely outside 8,. W7uzt is 
the largest sphere i!& 8uch that there exiet nm%ma r entirely outside &I,? 
As in the special case of Part A, its radius will be 
R$)= s;p “f ( $ Iw(JVt+a*)lql’p. 
Let us f?nd an upper bound for Rip’. 
Let A, denote the average of the periodic function Iw(t) hence 
(6.4 A,=; s” Iw(t)lPdt. 
0 
For convenience we also write 
(5.5) f(t; 1, a)=( 2 lw(3,t+a;)Ip)l’p. 
1 
LEMMA 1. For every choice of the A>0 and (s, in (&I), there i8 a &I 
3uch that 
(5.6) (f(to; 2, a))pSnA,. 
PROOF : For if not true, then for appropriate x > 0, i, we have 
(5.7) (f(t ; A’, a’))p>nAp for all real t. 
On the othef hand (6.4), and all z>O, imply that 
68) f.im i [ Iw(Xt+a:)IPdt=Ap for v=l, . . . . rc, 
and therefore, from the de&&ion (5.5) of f(t; 2, a), that 
(5.9) ,jiifn, i i(f(t; A’, a’))p dt=nA=. 
However, the function (f(t; I’, a’))p is an almost petiodic function because 
it is the sum of n periodic functions. We claim that for an almost perk&c 
function g(t) = (f(t; A’, a’))P the two statement8 (6.7) an42 (6.9) cdnuhzdict fmh 
o&r. The reason for this is briefly as follows : (5,7) implies that g(t) 2 nAp + e 
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if 05 t5 1, for some E> 0. Now the almost periodicity of g(t) will eady 
imply that 
(6.10) g(t) 5 nA, + i 
on an infmite sequence of non-overlapping intervals, each of unit length, 
and so distributed on the real axis that their union is a set of positive 
density on R. However, (6.10) contradicts (6.9). This contradiotion es- 
tablishes Lemma 1. 
We may restate Lemma 1 in geometric terms as 
LEMMA 1’. Eve y mot&m (6.1) with all 3, > 0, penetrates, for atme value 
of t, within the closed sphere 
(6.11) 
This proves 
THEOREBX 3. Fm the quantity l&Y’) de$ned by (6.3) we huve 
(6.12) @” I; @A,)-. 
Suppose now that we have found a special motion (6.1) taking place 
entirely on the surface of the sphere (6.11), hence such that 
(6.13) $ Iw@,t+a#=nA, for all t. 
This assumption implies, by (6.3), that @“~-(nA~)l’p. On comparing 
this with (6.12) we obtain 
!~EOREM 4. If there exist8 a motion (6.1) aatiafying (6.13), then 
(6.14) Bjf’ = (nA#p . 
There are two noteworthy cases when this remark becomes applicable, 
the firat of which is the case of the classioal Lissajous motions. 
We assume now that JI = 2 when our “spheres” become actual spheres. 
As aheady remarked, we obtain such motions by assuming in (6.1) that 
(6.1) w(t)= cos t. 
There d- 2n and (6.4) beclomes 
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The motions are 
(6.3) r:G= cos(iZ,t+u,), (v=l,...,n; G-0). 
We are still to show that there are such motions contained in the shell 
(6.4) 
One such motion is given by 
x,=cos (t-f+) (y=l, . . . . 12). 
Indeed, in terms of the two vectors 
Ix= (cos+), if?= (sin+). 
We may rewrite (6.6) in vector notation as 
(6.7) x=oc CO8 t+/Tsin t. 
We easily find the two vectors (6.6) to be orthogonal radii of the sphere 
(6.4), and (6.7) is a circular motion in the e-plane spanned by (x and /?. 
This motion establishes, by Theorem 4, that for the Lissajous motions 
(6.3) we have 
(6.8) 
7. The case of the billiard ball motions 
We return to the b.b. motions 
(7.1) r:x,=(U+a.), (v=l,...,n; d,>O, -cooottm), 
and make two applications of the results of $ 5. The first is 
(i) A PROOFOFTHEOREM 1. Only the second inequality (4.1) requires 
a proof, and it is immediately obtained if we apply Theorem 3 of $ 6, 
to the case when w(t)=(t). In this case (5.4) becomes 
A,=fj~(z)pdt=2~t~dt= 1 
0 0 (p+1)2P’ 
and (5.12) implies the desired inequality 
(7.3) 
(ii) A SECOND PROOF OF THEOREM 2. We assume that p= 1 and(7.2) 
becomes 
(7.4) AI=& 
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As we wish to apply Theorem 4 to conclude that &” =nAl = n/4, we 
merely have to show thrtt the “octahedron” 
(7.5) 
con&ins the entire path (F) f o some motion of the form (7.1). This is 
true only for even values of n and establishes Theorem 2. Indeed, let us 
show that if n= 2m, then our “lucky shot” Pm*, of (3.1), satisfies 
$ I<t+K2)[=; for all t. 
To see this, we observe that I(t)1 + I(t +*>I =* for all t. But then 
P+ vfL$.)~+~(t+V+~~l)l=* for all t. 
Writing this identity for v= 1, . .., m and adding together the results, we 
obtain (7.6). This shows that the path (r,*) lies entirely on the octahedron 
(7.5) if n= 2m is even. The simplest case is when n= 2 : The path (Ps*) 
and (7.5), which is now the square with vertices in the midpoints of U, 
are identical. 
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